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1. Introduction
An n× nmatrix A is called primitive if there exists some positive integer t such that At > 0. Such a least positive integer
t is called the exponent of A. Exponent of primitive matrices have been extensively studied [1].
In 1990, Brualdi and Liu [2] defined the kth lower multiexponent f (A, k) and f (n, k) as follows.
f (A, k) := min{p : there exists a set of k rows of Ap without column of all zero}
f (n, k) := maxA{f (A, k)}, where the maximum is taken over all primitive matrices of order n.
The following conjecture of f (n, k)was proposed in [2].
Conjecture 1. For any k, 2 ≤ k ≤ n− 2,
f (n, k) = 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k.
To my knowledge, up to now there is no work about the conjecture.
In this paper, we prove this conjecture partly. Firstly, we consider the primitive digraphs with a directed cycle whose
length is divisible k. Next, the digraphs containing a primitive sub-digraph are argued.
2. Lemmas and results
It is well-known that for every nonnegative matrix there exists an associated digraph Γ (A)whose adjacency matrix has
same zero entries as A. A digraph Γ is primitive if and only if Γ is strongly connected and g.c.d.(r1, r2, . . . , rs) = 1, where
L(Γ ) = {r1, r2, . . . , rs} is the set of distinct lengths of the directed cycles of Γ . A is primitive if and only if Γ (A) is primitive.
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Suppose X is a set of k vertices of a primitive digraph Γ . We define the exponent of the set X to be exp
Γ
(X) := min{p :
for each vertex i of Γ , there exists a walk of length p from at least one vertex of X to i}.
f (Γ , k) = min
X
{expΓ (X)},
where the minimum is taken over all subsets X of k vertices of Γ . f (Γ , k) is called the kth lower multiexponent of Γ .
f (n, k) = max
Γ
{f (Γ , k)},
where the maximum is taken over all primitive digraph Γ with n vertices.
Clearly f (A, k) = f (Γ , k), where Γ is the associated digraph of A.
First we establish a lemma.
Lemma 2.1 ([3]). Let digraph Dt be the digraph with the same vertex set as D in which there is an arc from x to y if and only if
there is a walk of length t from x to y in D. If D is a primitive digraph, then for any positive integer t, Dt is also a primitive digraph.
Let Dn be a primitive digraph with vertices 1, 2, . . . , n and arcs 1 → n → (n− 1) → · · · → 2 → 1 and 1 → (n− 1).Dn
is well-known as theWielandt digraph. Here we present another important result about the multiexponent of theWielandt
digraph.
Theorem A (Brualdi-Liu [2]). Let Dn be the Wielandt digraph. Then
f (Dn, k) = 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k.
Theorem B ([1]). Let D be a primitive digraph of order n. D has a directed cycle of length s. For any integer k, if s ≤ k ≤ n, then
f (D, k) ≤ n− k.
We see that if a primitive digraph D has a directed cycle of length s with s ≤ k ≤ n, then f (D, k) ≤ n − k ≤
1 + (2n − k − 2)b(n − 1)/kc − b(n− 1)/kc2 · k. Thus, Conjecture 1 holds. In the following, we only have to consider
the case k is less than the length of the shortest directed cycle of D.
3. Digraphs with a cycle whose length is divisible k
In this section we consider primitive digraphs with a directed cycle whose length is divisible k. Firstly we give a lemma.
Lemma 3.1. Suppose Γ is a primitive digraph of order n, and s is the length of a directed cycle of Γ , 1 ≤ s < n and k|s. Then
f (Γ , k) ≤ 1+ s
k
(n− k− 1).
Proof. Let Cs be a directed cycle of length s of digraph Γ . Let X = {x1, x2, . . . , xk} be a set of k vertices in Cs such that the
distance between xi and xi+1, where subscripts mod k, is sk (note that k|s). SinceΓ is primitive and s < n, there exists a vertex
of X , say x1, to be adjacent to z ∈ V (Γ ) \ V (Cs), namely there is an arc (x1, z).
Let Y be a set of vertices, which can be reached by a walk of length 1 from some vertex of X . Suppose xt is adjacent to xit
in Cs, t = 1, 2, . . . , k. Then {z, xi1 , xi2 , . . . , xik} ⊆ Y , where the distance between xit and xit+1 is also sk .
Consider the digraph Γ (
s
k ). xi1 , xi2 , . . . , xik is a cycle of length k in Γ
( sk ) and there is an arc (xik , z). Thus, each vertex can
be reached by a walk of length at most n− k− 1 from some vertex of Y in Γ ( sk ). Hence
f (Γ , k) ≤ 1+ s
k
(n− k− 1). 
Now let us prove the main result of this section.
Theorem 3.1. For 2 ≤ k ≤ n − 2, let Γ be a primitive digraph with n vertices and a cycle of length s, 1 ≤ s ≤ n − 1 and k|s.
Then
f (Γ , k) ≤ 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k.
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Fig. 1. Digraph D∗n,s .
Proof. Since s ≤ n− 1, by Lemma 3.1,
f (Γ , k) ≤ 1+ n− 1
k
(n− k− 1)
= 1+ (2n− k− 2)n− 1
k
−
(
n− 1
k
)2
k. (1)
Note that G(x) = 1 + (2n − k − 2)x − kx2 is increasing for x < n−1k − 12 and it is decreasing for x ≥ n−1k − 12 . If
n−1
k ≥ b n−1k c ≥ n−1k − 12 ,G( n−1k ) ≤ G(b n−1k c). If b n−1k c < n−1k − 12 , since ( n−1k − 12 )−b n−1k c ≤ 1− 12 = 12 = n−1k −( n−1k − 12 ),
we also have G( n−1k ) ≤ G(b n−1k c). Combining inequality (1), we have
f (Γ , k) ≤ 1+ (2n− k− 2)n− 1
k
−
(
n− 1
k
)2
k
≤ 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k. 
Combining Theorem A, we know that for any primitive digraph with n vertices and a cycle of length s, if k|s and
2 ≤ k ≤ n− 2, Conjecture 1 holds.
4. Digraphs with a primitive sub-graph
Let D∗n,s be a digraph with n vertices and having just one (s + 1)-cycle and one s-cycle (see Fig. 1). We see that D∗n,s is a
primitive digraph.
Let m be a vertex of a digraph and t is a nonnegative integer. Let Rt(m) denote the set which can be reached from m by
a directed walk of length t . For each pair u, v of vertices in digraph D we use u
t→ v if there is a directed walk of length t
from u to v.
Lemma 4.1. Let D∗n,s be a digraph defined as Fig. 1 and t be a nonnegative integer with t = sp+ r, where p ≥ 0 and 1 ≤ r ≤ s.
If t ≥ s(s− 1)+ n− s, then Rt(1) = {1, 2, . . . , n};
If t < s(s − 1) + n − s, then Rt(1) = N1 ∪ N2, where N1 = {p + 1 − r, p − r, . . . , 2 − r, 1 − r} ⊆ {1, 2, . . . , 2s − n +
1} ∪ {s+ 1, s+ 2, . . . , n} and N2 = {p+ 1− r, p− r, . . . , 2− r, 1− r} ⊆ {1, 2, . . . , s}.
Proof. For any integer 0 ≤ x ≤ s− 1, we see that s(s− 1)+ n− s = s(s− 1− x)+ (s+ 1)x+ n− s− x. Clearly, we have
Rt(1) = {1, 2, . . . , n} for t ≥ s(s− 1)+ n− s.
If t = sp+ r and t < s(s− 1)+ n− s, we write t = s(p− x)+ (s+ 1)x+ r − x. Since D∗n,s just has one (s+ 1)-cycle and
one s-cycle, Rt(1) = N1 ∪ N2, where N1 = {p+ 1− r, p− r, . . . , 2− r, 1− r} belongs to the cyclic group with mod n and
N2 = {p+ 1− r, p− r, . . . , 2− r, 1− r} belongs to the cyclic group with mod s. 
Lemma 4.2. Let D∗n,s be a digraph defined as Fig. 1 and m be a vertex of D∗n,s, t be a nonnegative integer.
(1) 1 ≤ m ≤ s. If t ≥ s(s − 1) + n − s + m − 1, Rt(m) = {1, 2, . . . , n}; If 0 ≤ t ≤ m − 1, Rt(m) = {m − t}; If
m ≤ t < s(s− 1)+ n− s+m− 1, Rt(m) = Rt−m+1(1).
(2) s+ 1 ≤ m ≤ n. If t ≥ s(s− 1)+m, Rt(m) = {1, 2, . . . , n}; If 0 ≤ t ≤ m− (n− s), Rt(m) = {m+ s− n+ 1− t}; If
m− (n− s− 1) ≤ t < s(s− 1)+m, Rt(m) = Rt−m+(n−s−1)+1(1).
Proof. Since for 1 ≤ m ≤ s,m t→ (m − t) if 0 ≤ t < m and m m−1→ 1 t−m+1→ Rt−m+1(1) if t ≥ m, and for
s + 1 ≤ m ≤ nm t→ (m + s − n + 1 − t) if t ≤ m − (n − s) and m m−(n−s−1)−1→ 1 t−m+(n−s−1)+1→ Rt−m+(n−s−1)+1(1)
if t ≥ m− (n− s− 1), by Lemma 4.1, we complete the proof of Lemma 4.2. 
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Lemma 4.3. Let D∗n,s be a digraph defined as above and set X is a k vertices subset of D∗n,s. Suppose s = kq + l, where q = b skc
and 0 ≤ l ≤ k− 1. If vertex u can’t be reached by a walk of length s(q− 1)+ n− s from any vertex in X, but vertices u− 1 and
u+1 can be reached by a walk of length s(q−1)+n− s from some vertices in X, then vertices u+n− s− q, u+n− s+1 ∈ X .
Proof. Since vertex i only can be reached by a walk of length s(q− 1)+ n− s from vertices i+ n− s− q+ 1, i+ n− s−
q+ 2, . . . , i+ n− s for 1 ≤ i ≤ n, by the assumption of u and X , we have vertices u+ n− s− q and u+ n− s+ 1 are both
in the set X . 
Lemma 4.4. Let D∗n,s be a digraph defined as above. If k < s, then the kth lower multiexponent of D∗n,s satisfies:
f (D∗n,s, k) = n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
. (2)
Proof. When k = 1, by Lemmas 4.1 and 4.2, f (D∗n,s, 1) = n− s+ (2s− 1)s− s2.
Now we consider 2 ≤ k < s. Let s = kq+ l, where q = b skc and 0 ≤ l ≤ k− 1. Thus, it is equivalent to proved that
f (D∗n,s, k) = n− s+ s(q− 1)+ l(q+ 1).
(1) We first prove that f (D∗n,s, k) ≤ n− s+ s(q− 1)+ l(q+ 1).
Define X = {i1, i2, . . . , ik} ⊆ V (D∗n,s) = {1, 2, . . . , n},where i1 = 1;
ij − ij−1 = q+ 1, 2 ≤ j ≤ l+ 1;
ij − ij−1 = q, l+ 2 ≤ j ≤ k.
By Lemmas 4.1 and 4.2, we have
Rn−s+s(q−1)(i1) = {i1 − (n− s), i1 − (n− s)+ 1, . . . , i1 + q− 1− (n− s)},
Rn−s+s(q−1)(i2) = {i2 − (n− s), i2 − (n− s)+ 1, . . . , i2 + q− 1− (n− s)},
. . .
Rn−s+s(q−1)(ik) = {ik − (n− s), ik − (n− s)+ 1, . . . , ik + q− 1− (n− s)}.
If ij − (n− s)+ r is negative or zero, then it is written as s+ ij − (n− s)+ r and n+ ij − (n− s)+ r in Rn−s+s(q−1)(ij). For
example, Rn−s+s(q−1)(i1) = {2s− n+ 1, 2s− n+ 2, . . . , 2s− n+ q− 1} ∪ {s+ 1, s+ 2, . . . , s+ 1+ q− 1} if s+ q ≤ n− 1
and Rn−s+s(q−1)(i1) = {2s − n + 1, 2s − n + 2, . . . , s − 1} ∪ {s + 1, s + 2, . . . , n − 1} ∪ {1, 2, . . . , s + q − n}, otherwise.
Note that
(ij − (n− s))− (ij−1 + q− 1− (n− s)) = ij − ij−1 − (q− 1) =
{
2, 2 ≤ j ≤ l+ 1
1, l+ 2 ≤ j ≤ k.
We see the vertices in a set Y = {ij − (n − s) − 1 : 2 ≤ j ≤ l + 1} can’t be reached from any vertex of X by a walk
of length n − s + s(q − 1). Let Y = {1, 2, . . . , n}/Y . We should prove that for any vertex i of D∗n,s, there is a walk of length
l(q+ 1) from some vertex of Y to i.
Note that if l ≥ 1, then
Rl(q+1)(m) =
{Rl(q+1)−m+1(1), 1 ≤ m ≤ l(q+ 1);
{m− l(q+ 1)}, l(q+ 1) < m ≤ s;
{m+ s− n+ 1− l(q+ 1)}, m ≥ s+ 1.
We consider the following two cases:
Case 1: q − 1 ≥ n − s. Then {2s − n + 2, 2s − n + 3, . . . , s, s + 2, . . . , n} ⊆ Y . For 2 ≤ j ≤ l + 1, we have
Rl(q+1)(ij − (n − s) − 1) = R(l−j+1)(q+1)+n−s+1(1) = {2s − n − (l − j + 1)(q + 1), 2s − n − (l − j + 1)(q + 1) + 1}.
Since there are walks of length l(q+ 1) from vertex ij − (n− s)− 2 to vertex 2s− n− (l− j+ 1)(q+ 1) and from vertex
ij − (n− s) to vertex 2s− n− (l− j+ 1)(q+ 1)+ 1, respectively. Hence Rl(q+1)(Y ) = {1, 2, . . . , n}.
Case 2 : q−1 < n−s. Then some vertices of {2s−n+2, 2s−n+3, . . . , s, s+1, s+2, . . . , n} are contained in Y . Form ∈ Y
and if 1 ≤ m ≤ l(q+ 1)− (n− s)− 1, then from Case 1 the vertices that can be reached fromm by a walk of length l(q+ 1)
also can be reached fromm− 1 orm+ 1, respectively. Form ∈ Y and ifm ∈ {2s− n+ 2, 2s− n+ 3, . . . , s, s+ 2, . . . , n},
without loss of generality, supposing thatm ∈ {2s− n+ 2, 2s− n+ 3, . . . , s}, thenm+ n− s ∈ {s+ 2, s+ 3, . . . , n} and
m+ n− s ∈ Y . Note thatm+ n− s− 1 ∈ Y , s+ 1 ≤ m+ n− s− 1 ≤ n and
Rl(q+1)(m+ n− s− 1) = {m+ n− s− 1+ s− n+ 1− l(q+ 1)} = {m− l(q+ 1)} = Rl(q+1)(m).
On the other hand m + 1 ∈ Y and m + 1 ∈ {2s − n + 2, 2s − n + 3, . . . , s} ∪ {1}. We have Rl(q+1)(m + 1) =
{m+ 1− l(q+ 1)} = {(m+ n− s)+ s− n+ 1− l(q+ 1)} = Rl(q+1)(m+ n− s) ifm ∈ {2s− n+ 2, 2s− n+ 3, . . . , s− 1}
and Rl(q+1)(s) ⊆ Rl(q+1)(1) = {s+ 1− l(q+ 1), n+ 1− l(q+ 1)} ifm = s.
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To sum up the above arguments, for any vertex i of D∗n,s, there is a vertex yi ∈ Y and there is a walk of length l(q + 1)
from yi to i.
Since vertex s + 1 can only be reached from vertex l(q + 1) − (n − s) − 1 by a walk of length l(q + 1) − 1 and
l(q+ 1)− (n− s)− 1 6∈ Y , we have
expD∗n,s(X) = n− s+ s(q+ 1)+ l(q+ 1).
Hence
f (D∗n,s, k) ≤ expD∗n,s(X) = n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
. (3)
(2) Let X∗ = {x1, x2, . . . , xk} be any vertex subset of D∗n,s and Y ∗ be the set that can’t be reached from any vertex of X∗ by
a walk of length n− s+ s(q+ 1). Then |Y ∗| ≥ l. Set Y ∗ = {1, 2, . . . , n}/Y ∗.
1◦ If there is a vertex u ∈ Y ∗ with l(q+ 1)− (n− s)− 1 ≤ u ≤ 2s− n+ 1, then Rl(q+1)−1(u) = {u+ n+ 2− l(q+ 1), s+
u+2− l(q+1)} if l(q+1)− (n− s)−1 ≤ u ≤ l(q+1)−1 and Rl(q+1)−1(u) = {u− l(q+1)+1} if l(q+1) ≤ u ≤ 2s−n+1.
Since there is just vertex u can reached vertex s+ u+ 2− l(q+ 1) if l(q+ 1)− (n− s)− 1 ≤ u ≤ l(q+ 1)− 1 or vertex
u− l(q+ 1)+ 1 if l(q+ 1) ≤ u ≤ 2s− n+ 1 and u ∈ Y ∗, there is a vertex can’t be reached by any vertex of X∗ by a walk of
length n− s+ s(q+ 1)+ l(q+ 1)− 1.
2◦ For any vertex u ∈ Y ∗, u 6∈ {l(q+ 1)− (n− s)− 1, l(q+ 1)− (n− s), . . . , 2s− n+ 1}. Let Y ∗ = {u1, u2, . . . , up} and
u1 < u2 < · · · < up, p ≥ l.
In the following we prove that there is some 1 ≤ i ≤ p such that the distance between ui and ui−1 is 1. If it is not true, by
Lemma 4.3, u1 + n− s− q, u1 + n− s+ 1, u2 + n− s− q, u2 + n− s+ 1, . . . , up + n− s− q, up + n− s+ 1 ∈ X∗. Since
ui ∈ Y ∗, by the assumption of Y ∗, we have ui−1 + n− s+ 1 ≤ ui + n− s− q, i.e., ui − ui−1 ≥ q+ 1. Rewrite Y ∗ as
Y ∗ = {u1, u2, . . . , up1 , up1+1, up1+2, . . . , up1+p2 , up1+p2+1, up1+p2+2, . . . , up},
where
1 ≤ u1 ≤ u2 ≤ · · · ≤ up1 ≤ l(q+ 1)− (n− s)− 2,
2s− n+ 2 ≤ up1+1 ≤ up1+2 ≤ · · · ≤ up1+p2 ≤ s,
and s+ 1 ≤ up1+p2+1 ≤ up1+p2+2 ≤ · · · ≤ up ≤ n.
(i) If p1 = p, since ui − ui−1 ≥ q+ 1, then up ≥ u1 + (p− 1)(q+ 1). Notice that 2s− n+ 1 6∈ Y ∗. We have 1 ∈ X∗ and it
yields that u1 ≥ q− (n− s)+ 1. Thus,
up ≥ q− (n− s)+ 1+ (p− 1)(q+ 1) ≥ l(q+ 1)− (n− s) for p ≥ l,
a contradiction.
(ii) p1 < p. Since 2s − n + i and s + i (1 ≤ i ≤ n − s) are in the set Rn−s+s(q−1)(X∗) simultaneously, we have
p2 − p1 = p− 2p1 − p2, i.e., p = 2p2 + p1, and p1 + p2 ≥ l. By the ordering of ui, we have up1+i + n− s = up1+p2+i for each
1 ≤ i ≤ p2. Because 2s − n + 1 6∈ Y ∗, then s + 1 6∈ Y ∗ and 1 ∈ X∗. Let Y ∗1 = {u1, u2, . . . , up1 , up1+1, up1+2, . . . , up1+p2}.
Since the distance between each two vertices in Y ∗1 is at least q + 1, by Pigeonhole Principle, there must be at least
1 + (|Y ∗1 | − 1)(q + 1) = |Y ∗1 |(q + 1) − q ≥ l(q + 1) − q consecutive vertices to be enough to choosing |Y ∗1 | vertices
of Y ∗1 . However, |{1, 2, . . . , l(q+ 1)− (n− s)− 2} ∪ {2s− n+ 2, 2s− n+ 3, . . . , s}| = l(q+ 1)− q− 1.
From the above argument, there should be some 1 ≤ i ≤ p, say i0, such that the distance between ui0 and ui0−1 is 1.
Then the vertex ui0−1 + s + 1 − l(q + 1) + 1 can’t be reached by a walk of length l(q + 1) − 1 from any vertex of Y ∗ if
1 ≤ ui0−1 ≤ l(q+ 1)− (n− s)− 2. If 2s− n+ 2 ≤ ui0−1 ≤ s, then ui0−1 + n− s, ui0−1 + n− s+ 1 ∈ Y ∗ and the vertex
ui0−1 − l(q+ 1)+ 1 can’t be reached by a walk of length l(q+ 1)− 1 from any vertex of Y ∗.
Thus, we have proved that
f (D∗n,s, k) ≥ n− s+ s(q− 1)+ l(q+ 1) = n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
. (4)
Combining Eqs. (3) and (4), we prove Eq. (2). 
Set s = n− 1 in Lemma 4.4. We obtain Theorem A which Brualdi and Liu had obtained in 1990 [2].
Lemma 4.5. Let D be a primitive digraph with n vertices and it contain two intersect directed cycles, of length s and s + 1,
respectively. Then for k < s, we have
f (D, k) ≤ n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
.
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Proof. D has two intersect directed cycles, one s-cycle and one (s + 1)-cycle, say Cs and Cs+1, respectively. Let D∗ be the
digraph which contains all the vertices and arcs of Cs and Cs+1. Setm = |V (D∗)|. By Lemma 4.4, we have
f (D∗, k) = m− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
.
Since each vertex of D can be reached by a walk of length n−m from some vertex of D∗ in Df (D∗,k), we have
f (D, k) ≤ f (D∗, k)+ n−m
≤ n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
. 
Theorem 4.1. Let D be a primitive digraph with n vertices and it contain two intersect directed cycles, of length s and s + 1,
respectively. Then for k < s, we have
f (D, k) ≤ 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k.
Proof. Let h(x) = bxc. Notice that h′(x) = 0. Hence H(x) = n − x + (2x − k) · b xkc − k · b xkc2 is an increasing function for
x > k. Since k < s ≤ n− 1, from Lemma 4.5, we have
f (D, k) ≤ n− s+ (2s− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
≤ 1+ (2n− k− 2)b(n− 1)/kc − b(n− 1)/kc2k. 
Lemma 4.6. Let Dn,s,s+2 be a primitive digraph with n vertices. L(Dn,s,s+2) = {s, s+ 2} and Dn,s,s+2 has only two directed cycles.
Then if k < s, we have
f (Dn,s,s+2, k) ≤ n− s+ (2s+ 1− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
.
Because the proof of Lemma 4.6 is so similar to that of Lemma 4.4 that we just give a simple proof here.
Proof. Let s = kq+ lwhere q = ⌊ sk⌋ and 0 ≤ l ≤ k− 1. It follows to show that
f (Dn,s,s+2, k) ≤ n− s+ s(q− 1)+ q+ l(q+ 1).
Since Dn,s,s+2 is primitive, s is odd.
If k is even, we set k = 2k′, where k′ is a positive integer, and we see that l is an odd integer. Choose a set X = X1 ∪ X2 ⊆
{1, 2, . . . , n}where X1 = {i1, i2, . . . , ik′} and X2 = {j1, j2, . . . , jk′}with
i1 = 1, j1 = 2,
ip − ip−1 = 2(q+ 1), jp − jp−1 = 2(q+ 1), if 2 ≤ p ≤ l+ 12
ip − ip−1 = 2q+ 1, jp − jp−1 = 2q+ 1, if l+ 12 < p ≤ k
′.
We have
Rn−s+s(q−1)(ip) = {ip − (n− s), ip − (n− s)+ 2, . . . , ip + 2(q− 1)− (n− s)}, if l+ 12 < p ≤ k
′
and
Rn−s+s(q−1)(jp) = {jp − (n− s), jp − (n− s)+ 2, . . . , jp + 2(q− 1)− (n− s)}, if l+ 12 < p ≤ k
′.
If ip − (n − s) + r is negative or zero, then ip − (n − s) + r is written as s + ip − (n − s) + r and n + ip − (n − s) + r
in Rn−s+s(q−1)(ip). Analogy is done for jp − (n − s) + r when it is negative or zero. For example, Rn−s+s(q−1)(i1) =
{2s− n+ 1, 2s− n+ 3, . . . , 2s− n+ 1+ 2(q− 1)} ∪ {s+ 1, s+ 3, . . . , s+ 1+ 2(q− 1)} if s+ 1+ 2(q− 1) ≤ n− 1 and
Rn−s+s(q−1)(i1) = {2s−n+1, 2s−n+3, . . . , s−1}∪{s+1, s+3, . . . , n−1}∪{1, 3, . . . , 1+2(q−1)− (n− s)}, otherwise.
Rn−s+s(q−1)(j1) = {2s−n+2, 2s−n+4, . . . , 2s−n+2+2(q−1)}∪{s+2, s+4, . . . , s+2+2(q−1)} if s+1+2(q−1) ≤ n
and Rn−s+s(q−1)(j1) = {2s− n+ 2, 2s− n+ 4, . . . , s} ∪ {s+ 2, s+ 4, . . . , n} ∪ {2, 4, . . . , 2+ 2(q− 1)− (n− s)}, otherwise.
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If k is odd, we set k = 2k′ + 1 where k′ is a nonnegative integer. Denote bxceven the even integer which is not larger than
x. Define a set X = X1 ∪ X2 ⊆ {1, 2, . . . , n} where X1 = {i1, i2, . . . , ik′+1} and X2 = {j1, j2, . . . , jk′}. If l is even, then X1 and
X2 are defined as
i1 = 1, j1 =
⌊
i1 + i2
2
⌋
even
,
ip − ip−1 = 2(q+ 1), jp − jp−1 = 2(q+ 1), if 2 ≤ p ≤ l+ 22 ,
ip − ip−1 = 2q, if l+ 22 < p ≤ k
′ + 1,
jp − jp−1 = 2q, if l+ 22 < p ≤ k
′.
If l is odd, we X1 and X2 define as
i1 = 1, j1 =
⌊
i1 + i2
2
⌋
even
,
ip − ip−1 = 2(q+ 1), jp − jp−1 = 2(q+ 1), if 2 ≤ p ≤ l+ 32 ,
ip − ip−1 = 2q, if l+ 32 < p ≤ k
′ + 1,
jp − jp−1 = 2q, if l+ 32 < p ≤ k
′.
Now we also have similar equations of Rn−s+s(q−1)(ip) and Rn−s+s(q−1)(jp) as k is even.
Using the similar argument of the proof of Lemma 4.4, we complete the proof. 
From Lemma 4.6 we see if a primitive digraph D of order n contains two intersect directed cycles, of length s and s + 2,
respectively, where s is an odd integer, it follows
f (D, k) ≤ n− s+ (2s+ 1− k) ·
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
. (5)
Hence, we have the following result.
Theorem 4.2. Let a primitive digraph D of order n contain two intersect directed cycles, of length s and s+2, respectively, where
s is an odd integer. Then for k < s, we have
f (D, k) ≤ 1+ (2n− 2− k) ·
⌊
n− 1
k
⌋
− k ·
⌊
n− 1
k
⌋2
.
On the base of Lemma 4.5 and Eq. (5), we conjecture the following result.
Conjecture 2. Let D be a primitive digraph of order n and contain two intersect directed cycles of length s and r, respectively.
Suppose s < r. If g.c.d.(s, r) = 1, for any k with k < s,
f (D, k) ≤ n− s+ (s+ r − 1− k) ˙
⌊ s
k
⌋
− k ·
⌊ s
k
⌋2
.
If Conjecture 2 is true, the following result holds.
Conjecture 3. Let D be a primitive digraph of order n and contain two intersect directed cycles of length s and r, respectively. If
g.c.d.(s, r) = 1, for any k with k < min{s, r},
f (D, k) ≤ 1+ (2n− 2− k)
˙⌊n− 1
k
⌋
− k ·
⌊
n− 1
k
⌋2
.
In this case, Conjecture 1may hold.
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